arXiv: 1504.04448v2 [math.RA] 20Jul2015 


ON n-CUBIC PYRAMID ALGEBRAS 


Abstract. In this paper we study a class of algebras having n-dimensional 
pyramid shaped quiver with n-cubic cells, which we called n-cubic pyramid 
algebras. This class of algebras includes the quadratic dual of the basic n- 
Auslander absolutely n-complete algebras introduced by lyama. We show 
that the projective resolution of the simples of n-cubic pyramid algebras can be 
characterized by n-cuboids, and prove that they are periodic. So these algebras 
are almost Koszul and (n — l)-translation algebras. We also recover lyama’s 
cone construction for n-Auslander absolutely n-complete algebras using n- 
cubic pyramid algebras and the theory of n-translation algebras. 


1. Introduction 

Quivers, especially translation quivers, are very important in the representation 
theory of algebras [mun]. There are many algebras, such as Auslander algebras, 
preprojective algebras, related to translation quivers H [i IS]- They are widely 
used in many mathematical fields, such as Cohen-Maucauley modules, cluster al¬ 
gebras, Calabi-Yau algebras and categories, non-commutative algebraic geometry 
and mathematical physics [3 [3 [la [201 Eoj El Hj. Recently, lyama has developed 
the higher representation theory [Mna [18], where a class of higher translation 
quivers also plays an important role. In |18j . he characterizes a class of higher 
representation-finite algebras, n-Auslander absolutely n-complete algebras. We ob¬ 
served that the quivers of such algebras are n-dimensional pyramid shaped quivers 
with n-cubic cells. We study in this paper a class of algebras, call n-cubic pyramid 
algebras, defined on such quivers, which includes quadratic dual of n-Auslander 
absolutely n-complete algebras. We draw the quiver in a different way to show that 
the arrows in such quiver in fact point to n-directions in a n-dimensional space. 

Almost Koszul rings are introduced by Brenner, Butler and King in [7]. One 
of their main results in the paper is the periodicity of the trivial extensions of 
representation finite hereditary algebras of bipartite oriented quiver. In fact, they 
prove that such algebras are almost Koszul of type (3, h — 1) for the Coxeter number 
h of the quiver of the algebra. Our aim is to generalize a modified version of 
this result to n-cubic pyramid algebras. We proved that a stable n-cubic pyramid 
algebra of height m > 3, that is, a twisted trivial extension of a corresponding n- 
cubic pyramid algebra, is almost Koszul of type (n -|- 1, rn — 1). Our proof is based 
on the combinatoric characterization of the projective resolutions of the simple 
modules of the stable n-cubic pyramid algebras, using the integral points on an 
(n -|- l)-cuboid defined on the corresponding vertex in the quiver. Observe that 
the class of trivial extensions of hereditary algebras of bipartite oriented quiver is 
the same as the trivial extensions of the quadratic dual of the hereditary algebras. 
Our result can be regarded as a higher representation theory version of the result 
of Brenner, Butler and King [7] in the case Am- 
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In m, one of the authors introduces translation algebras as algebras with trans¬ 
lation quivers as their quivers and the translation corresponds to an operation 
related to the Nakayama functor. Such algebras includes the quadratic dual of 
Auslander algebras, preprojective algebras. In m, n-translation quivers and n- 
translation algebras are introduced. The classical construction of XQ is generalized 
to construct an (n -I- I)-translation algebra from an n-translation algebra with ad¬ 
missible n-translation quiver, using trivial extension followed by a smash product 
with Z. In this paper, we use this method and a truncation called cuboid truncation 
to construct (n-f l)-cubic pyramid algebra from n-cubic pyramid algebra. By taken 
quadratic dual of a special case, we recover lyama’s cone construction of absolutely 
(n -I- I)-complete algebra from an absolutely n-complete algebra Tm\k) 

in [T8]. 

The paper is organized as follow. In Section 2 we introduce pyramid shaped n- 
cubic quivers and corresponding algebras. We also introduce the related concepts 
like stable pyramid shaped n-cubic quiver for the description of the twisted trivial 
extensions, and {p+ l)-cuboid for characterizing the minimal projective resolutions 
of the simples. Section 3 is devoted to characterize the linear part of this projective 
resolution of the simples of the stable n-cubic pyramid algebras using (n-l-I)-cuboid. 
As a corollary, we prove that the twisted trivial extensions of n-cubic pyramid 
algebra is (n -|- 1, gj-Koszul. In Section 4, we show how to truncate an (n -I- 1)- 
cubic pyramid algebra from the smash product of the twisted trivial extension of 
an n-cubic pyramid algebra. We also prove that (n-|- I)-cubic pyramid algebra is an 
n-translation algebra. In the last section, we study the higher almost split sequence 
in the category of the finitely generated projective modules for an n-cubic pyramid 
algebra and its quadratic dual. We also show how n-cubic pyramid algebras are 
used to recover lyama’s construction of absolutely n-complete algebras Tm ^\k). 

2. Pyramid Shaped n-cuBic Quivers and Related Algebras 

Let fc be a field. In this paper, algebra is assumed to be a graded quotient of a 

path algebra of a locally finite quiver Q over k, that is, A = kQ/{p) = Aq-I-Ai H-, 

with Aq a direct sum of (possibly, infinite) copies of k and A generated by Ai over 
Aq, with relation set p (see [H]). We assume the vertex set of Q is Qo and the 
arrow set is Qi. So we have a complete set of idempotents {ei\i € Qo} such that 

Aq = ® AoCi and the number of arrows from i to j is exactly dimfeejAiei for any 
ieQo 
i,j € Qq. 

To introduce pyramid shaped n-cubic quiver, we first make some convention on 
the non-negative integral vectors. 

Given a positive integer p, let eg = 0, = (!,...,!) be the p-dimensional 

vector with all the components I and let = (0, • ■ • , 0,1, 0, • • • , 0) be the p- 

dimensional vector with tth component 1 and all the other components zero. Write 

G = S foi' a subset J = of {I,...,p}, set = 

h=l 

Conventionally, we write them as e,et,ej and St when no confusion will 

occur. 

For a vector denoted by the boldface letter such like a write Ug for its sth 
component, so a = (oi,..., Op). For a vector i = (ii,..., ip) G Z^, write i(I) = 
i -I- ei, i{t) = i — Bt-i + Bt for 2 < t < p, and write i(ti, ... ,ts) = i(ti)... (G). 
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Similarly, write (l)i = i — ei, {t)i = i + et_i — et ior 2 < t < p, and write 
(ti,..., ts)i = (ts). ■. Clearly (t)i(t) = i. 

Let be the set of non-negative integers. For a = (m, • • • ,ap) S Z+^, write 

|a| = Let Z+f = {a = (oi, • • • ,ap) € Z+^||a| = Z}. We need the following 

t=i 

subsets of Z+^. The vertex set 

[/(P) = {u = {ui,U2, • • • , Mp)|0 < Ut < 1 } C Z+^, 
of the unit p-cube and the vertex sets 

={u= - ,Mp)||u| = 1 }, 

of Z-nets inside the unit p-cube, for 0 < Z < p. 

Fix TO > 3 and i = (ii ..., Zp) S Z+^ satisfying 

S 

1 < it and it < m + s — 1 for s = 1,... ,p. (1) 

t=i 

Set 

6i(i) = TO-bp - 1 - |i|, 6t(i) = zt-i - 1, 2<t<p-|-l, 

write bt = bt{i) and b = b(i) = {bi,... ,bp+i). Let 

= {(ai,a2, • • • ,ap+i)|0 < at < 6t(i), 1 < Z < p-b 1} C Z+^'^\ 

this is the set of integral vertices of a (p -b l)-cuboid with sides of length bt for 
I < t < p + 1 . We call it the (p -b l)-cuboid associated to the vertex i. The vertex 
CQ^^(i) = (0 ,..., 0) is called the initial vertex of the C(P^(i). Let 

= {a = (ai, • • • ,ap+i) G C'(^’)(i)| |a| = Z}, 

for 0 < Z < TO — 1. is a net inside the (p -b l)-cuboid formed by integral 

vertices which can be reached from the initial vertex in Z steps. We have that 
C^li(i) = {b = (6i,... ,6p+i)}, and = 0 for Z > to. 

For i = (zi,... ,Zp) G Z+^ satisfying (P), for each a = (ai, • • • , Op+i) G Z+^''’^, 
define 

v'(a) = (zi -b Oi - 02, Z2 + 02 - 03, • ■ • , Zp_i -b Op_i - Op, Zp -b Op - Op+i), 

For i = (zi,... ,Zp,Zp+i) = (i',Zp+i) G 1 +^^^ with i' = (zi,...,Zp) satisfying (P, 
write C(P)(i) = For each a = (oi, • • ■ , Op+i) G Z+^''’^, define 

V'(a) = (Zi -b Oi - 02, Z2 -b 02 - 03, • • • ,Zp -b Op - Op+i,Zp+i -b Op+i). 

From now on, we fix integers n > 1 and to > 3. Define n-cubic pyramid quiver 
Q{n) of height to as the quiver with 

S 

vertex set: Q(n)o = {i = (zi,..., Zn)|l < *t, X) ^ + s — 1,1 < s < 

t=i (2) 

arrow set: Q(n)i = {7; : i —^ < Z < n,i,i(Z) G Q{n)o}. 

Call an arrow of type t starting at i. In the case of rz = 3, these quivers look 
like a pyramid of side length of to built up with cubes: 
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( 114 ) 


( 213 ) 


( 123 ) 


( 411 ) 





( 111 ) 


These quivers are one of those defined in |18) inductively to describe the n- 
Auslander absolutely n-complete algebras. It is shown in m that such quivers are 
truncation of the McKay quivers of some finite Abelian subgroups of GLniJC). 

For i = G Q(?t-)o) call the integral vector a G Z+ an i-quiver 

vertex if v‘(a) G Q{n)o. Clearly, v‘(a) is in Q{n)o if and only if it > at+i — and 

S 

Us+i — oi < TO + s — 1 — X] for 1 < s < n. 

t=i 

Let i be a vertex in Q{n). The n-cubic eell at i in Q{'n) is the full subquiver iL' 
of Q{n) with the vertex set the set of the i-quiver vertices in {v'(a) G Q{n)o\a G 
C/fo)}. The vertex v'(e) is called the end vertex of and is called complete 
if v'(e) is a vertex of H\ H' can be regarded as formed by certain vertices and 
the edges in the unit n-cube directed from 0 to e. Define n-hammoek Hq at i as 
the full subquiver of Q(n) with the vertex set the set of the i-quiver vertices in 
{v"(a) G (5(n)o|a G The vertex v*(b(i)) is called the end vertex of 

and is called complete if v*(b(i)) is a vertex of Hq. 

Let 

g = {gi = l,g 2 ,...,gn) ( 3 ) 

be a sequence of linear maps on kQ(n) such that the restriction on the vertex 
set of gs is only defined on the vertices with s component is > 1, in this case 
( 7 s(i) = i — eg, or, 5 s(ei) = ei-e^, and 5 s(ei) = 0 if ig = 1. Let kQi be the subspace 
of kQ[n) spanned by the arrows of Q(n), gs restricts to a bijective linear map on 
CikQiCj if ig 1 7 ^ js- Since there is at most one arrow between each pair of 
vertices, we have that gs(7i*^) = ds,t,i7g*q) for some 0 ^ ds,t,i G k when Zg > 1 and 
t < s. 

Define a relation set: 


ps(n) = i(i), i(s), i(0(s) G Q(n)o, I < t < s < n} 

'd)ii it 


G Q{n)o, l<t<n}. 


(4) 

The relations are of two kind, one is zero relation consisting of arrows of same type, 
and the other is commutative relation consisting of arrows of two different types. 
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Let A®(n) be the algebra with bound quiver {Q(n), (n)), and we call it an 
n-cubic pyramid algebra. 1-cubic pyramid algebras are the quadratic duals of the 
hereditary algebras of quivers of type Am with linear orientation. 

A path p of a bound quiver [Q, p) is called a bound path if its image in kQ/(p) 
is nonzero. Recall that a bound quiver {Q,p) is called an n-translation quiver [T5] 
if there is a bijective map r : Qq \ V —> Qq \ I, called the n-translation of Q, 
for two subsets P and I oi Qq, whose elements are called projective vertices and 
respectively injective vertices, satisfying the following conditions: 

1. Any maximal bound path is of length n + 1 from ri in Qq \ I to i, for some 
vertex i in Qq\V. 

2. Two bound paths of length n + 1 from ri to i are linearly dependent, for 
any iGQo\'P. 

3. For each i G Qo\V and j G Qq, any bound element u which is linear 
combination of paths of the same length t < n + f from j to i, there is a 
path q of length n 1 — t from ri to j such that uq is a bound element. 

4. For each i G Qq \ X and j G Qq, any bound element u which is linear 
combination of paths of the same length t < n + 1 from i to j, there is a 
path p of length n + 1 — t from j to T~^i such that pu is a bound element. 

An algebra A with bound quiver an n-translation quiver (Q, p) is called an n- 
translation algebra if there is an g G N U {oo} such that A is {n l,( 7 )-Koszul in 
the following sense 

(1) At = 0 for t > n -I- f, and 

(2) for each i G Qq, let 

P^i) A-^ P\i) ^ P°{i) A S{i) = Aoe, ^ 0 (5) 

be the first q 1 terms in a minimal projective resolution of the simple 
S{i) ~ Aod, then P‘(i) is generated by its component of degree t for 
0 < t < <7 and the kernel of fq is concentrated in degree n -I- 1 -I- g. 

Theorem 2.1. (Q(n), p^{n)) is an admissible (n—1)-translation quiver with (n—1)- 
translation defined by t : i — > i — e„ z/ > 1 . 

A®(n) is an {n — 1)-translation algebra with admissible {n — 1)-translation quiver. 

The theorem will be proven in the last section inductively (see Theorem l5.2l) . 

Choosing g = (gi,...,g„) such that gs(7i*^) = for t < s and for 

i = {ii, ... ,in), when all the arrows are in Q{n), the following proposition follows 
directly. 

Proposition 2.2. The quadratic dual A®’'(n) o/A®(n) is the n-Auslander abso¬ 
lutely n-complete algebra Tm\k). 

It is easy to see that the set of the projective vertices in Q{n) is P = {i\in = 1}, 
and the set of the injective vertices is X = {i| |i| = n -1- m — 1}. 

Let m > 3 and let Q{n) be an n-cubic pyramid quiver. Define stable n-cubic 
pyramid quiver Q{n) of height m as the quiver with 

vertex set: Q(n)o = Q(n)o 
arrow set: Q{n)i = Q{n)i LI : i 


1 ^n\in 7 1 }■ 


(6) 
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The stable quiver of our early example is as follow: 


( 114 ) 


( 213 ) 


( 312 ) 


( 411 ) 






KX 


( 123 ) 


( 113 ) 


( 212 ) 


( 3 ; 


( 311 ) 


X 


( 211 ) 





V 

X ' 
\(i 

, 

3 ) ^ 




x^ 

X ’ 



( 132 ) 


( 122 ) 

X 


x\ 


( 141 ) 


( 131 ) 


( 121 ) 


( 111 ) 


It follows from m and [T^ that such quiver is a truncation of the McKay quiver 
of some finite Abelian subgroup of SLn+i{C). 

Let g = {g,g') for some graded endomorphism g' induced by the (n — 1)- 
translation defined in Theorem 12.11 then = dra+i,s,i-e„7ile„ for some 

0 ^ dn+i,s,i-en € k, since there is at most one arrow of each type s from any vertex 
of Q{n). Define a relation set 

(ra+l) (ra+l)|- 


pHn) = 

(n+l) 


I ifj (n+l) !• ^ r\t \ 

U{d„+l,s,i_e„7i-e„7i - Ti-e^.i+eXi I* ^ QWO, 

s 

in > 1, is -1 > 1 and ^it<TO + s — l,l<s< n}. 

t=i 


,X) 


(7) 


Let A®(n) be the algebra given by the stable pyramid n-cubic quiver Q{n) and 
the relation p^in). Our key results in this paper, Lemma 13.31 essentially proves the 
following theorem. 

Theorem 2.3. A®(n) is an n-translation algebra with stable n-translation quiver 
and trivial n-translation. 


Set TZ= {1,2,..., n} and = {1, 2,..., n + 1}. Write 

_ (ta) 

Xi(a) 'vi(a+etj,...,t^_j) • ■ • 'vi(a) 

for a path determined by a sequences {ti,...,ts} C TZ^. For a subset P = 
{pi,... ,ps} of with l<pi<---<ps<n + l, write 

^v‘(a) 'v^(a) 

We obviously have the following result. 


Lemma 2.4. Assume that 0 < Z < n + 1. For any two vertices i,j € Q{n)Q, we 
have that dimfcejA®(n);ei < 1, and dim fcejA®(n);ei = 1 if and only if any path of 
length I from i to j consists of arrows of different types. 

So we see that a bound path starting at a vertex i in Q{n) is a path on starting 
from i. Since the n-translation is defined by ri = i — e„ for each non-projective 
vertex i in Q(n)o, that is, the ones with > 1. 
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The following theorem follows from Theorem l5.2l and Proposition 4.2 of |15) . 
Theorem 2.5. A®(n) is isomorphic to a twisted trivial extension of A{n). 

For any i S Q{n)o, let S'(i) be the simple A(n)-module at i and let P(i) and /(i) 
be its projective cover and injective envelop as A(n)-modules, respectively. Let S'(i) 
be the simple A(n)-module at i and let P(i) and /(i) be its projective cover and 
injective envelop as A(n)-modules, respectively. Conventionally, set 5(i), .P(i) and 
/(i) to be zero when i ^ Q{n)o- 

The supports of P(i) and /(i) are described with the following result 

follows directly from Lemma [2.41 


Lemma 2.6. 


‘P(i)/r‘+ip(i) cs 0 5(vHa)). 




(n + 1) 


soc 


t+1 


P(i)/soc‘P(i):^ 0 


a6f7. 


(n + l) 


a)) 


Since the components of a are 0 or 1 , it is easy to see that v"(a) is a quiver vertex 
if and only if the following hold for all s: (i). Og+i < if = 1; (ii). a^+i > Ug 

S S 

if ^*t = m + s — 1. A vertex i with 1 ^ = 1 or ^*t = m + s—1 for some s 

t=i t=i 

is called a em boundary vertex, otherwise it is called an internal vertex. Now let 
Z{i) = {s G 'R\is = 1} and W{i) = {s € 'R\Y^ it = rn + s — 1}. 

t=i 

The set of i-quiver vertices in is 

= {a = (ai,... ,a„+i)|as > a^+i if s G .^(i),as < Us+i if s G W{\)]. 

This implies that if is = 1 and Os+i = 1 , then Us = 1, and if s G W(i) and Os = 1, 
then Os+i = 1 . We can refine Lemma as following 


Lemma 2.7. 


‘P(i)/r‘+ip(i) c. 0 5(vHa)). 


ag^^(n + l)(i) 

soc‘^^P(i)/soc‘P(i) ~ (e — a)) 

Now consider Q{n) = Z\(n-i)Q{'n) and 0-extension A(n)® = A®(n)#Z*, respec¬ 
tively (See [H]). We have 

Q{n)o = Q{n)o x Z 

Q{n)i = Q(n)i x Z U : (i, u) — ^ (i - e„,i; -f l)|(i,u), (i - e„,u -b 1) G Qin)o}. 

( 8 ) 

Set = (ej”\o) for 1 < t < n and = (0*^"\l), then the arrows are 

7 j : i — > i — et-i + for i G Q{n)o, 1 < t < n + 1. And the relations for A (n) 
is induced from p^{n). Thus 

pg(n) = p^xZU {7i-e„+e„+i7i ”’^^^\in > 1} 

U{d„+l,.,i-e„+e„+i7i-l„7-"’^^^ - 7i-i^_\+e,7p^l 

_ s 

i G Q(n)o, in > 1, is -1 > 1 and ^it<m-|-s — l,l<s< n}. 

t=i 

( 9 ) 
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The following theorem follows from Theorem l2.ll Theorem [53] and Theorem 5.3 

of [TS]. 

Theorem 2.8. A®(n) is an n-translation algebra with stable n-translation quiver 
Q{n) and n-translation t„ : i = i — e„+i. 

Let (Q, p) be a bound quiver and Q' a full subquiver of Q. Let p[Q'] = 
{cj ^ OppCil ^ OpP € p,i,j € Q'o}, we call {Q',p{Q']) a full bound subquiver of 
Q if for any i,j G Qq, and for any path p in Q with Op ^ 0 for some ^ OpP G p and 
Cjpei ^ 0, then p is a path in Q'. In this case, we say p' = p[Q'] is a restriction of 
p on Q'. 

Obviously, we have the following lemma. 

Lemma 2.9. Let A = kQ/{p) be the algebra with bound quiver {Q,p) and let 
{Q',p') be a full bound suhquiver of {Q,p). Let I be the ideal generated by the set 
of idempotents {ej\j G Qo \ Qol- Then 

kQ'/{f!) ~ A//. 

3. Minimal Projective Resolutions of the Simples of As(n) 

In this section, we study the projective resolution of the simples of the algebra 
A®(n). Fix i S Q{n)o, the following lemma follows from the definition of v'(a) for 
aeZ+’^+\ 

Lemma 3.1. For 0 < I < m — 1, if G then v'(a) = v"(a') if and only 

ifa = a'. 

Fix a G 2+"'''’^. Let 0(a) = {t|at = 0}, T{a) = {1 < t < n + l|at > bt} and let 
TZ{a) = TiF \ (0(a) U T{a)) for any a G Then a G if and only if 

T(a) = 0. 

Let 

-^ -P^(^(i)) A F\S(i)) T^(S(i)) A S{i) 0 (10) 

be a minimal projective resolution of the simple A-modules S'(i) corresponding to 
the vertex i G Q{n)o- 

Our main aim of this section is characterizing the linear part of this projective 
resolution using (n+l)-cuboid as in the following proposition. The technical 

detail of the proof will be given in Lemma 13.31 For the last assertion, notice the 
fact that v"(a + e) = v‘(a). 

Proposition 3.2. For I = 0,1,... , m — 1 

0 P(v-(a)), (11) 

and Keifm-i ^ 5(v*(b(i))). 

Let G (^^^"^(i)} be the standard basis of the direct sum (ITTl) . then 

= ^Ha) and ei.e^9(,) = 0 if i' ^ v'(a). 

We assume that = 0 when a ^ (i) or v'(a) ^ Q{n)o, for 1 = 1,... , m — 1, 

conventionally. 

Lemma 3.3. In the projective resolution (nni), we have 
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(a) (fTTl) hold for 0 < I < m — 1; 

(b) for 1 < I < m—1, and for each a G (i), there are elements Ca-et ^ ^ 

t = 1,..., n+1, with ^ 0 i/a—et G and (a-et — 0 otherwise, 

Tl~\~ 1 

such that the element = Y] ^ satisfies 

v‘(a) ^v*(a—et) ^v‘(a-et) v*(a—et) ■' 


^ . fl('-l) - fl('-l) 

v‘(a) v*(a) v^(a) 

(12) 

and the map fi is defined by 


JUV(a)/ “ v^(a) = 

(13) 

(c) 



(14) 


generates Ker // for 0 < I < m — 2; 

(d) = {b}, b + e is a i-quiver vertex and Ker/m-i — S'(v*(b + e)). 


Proof. We now prove (a), (b) and (c) using induction on 1. The assertions for 
P°(S'(i)),Ker/o and fi are obvious. 

Assume that 1 < i < m — 1 and the assertions hold for (i), Ker fh, and fh 
for h < 1. By the inductive assumption, Ker//_i is a graded module generated in 
degree I and as /c-spaces 

(Ker fi_i)i = top (Ker fi-i) = |a G (i)) = ^ • 

aGC("/i) 

By ini), we have 

- Aoevi(a), (15) 

as Ao-modules. Since for each a G we have exactly one nonzero element 

in Ki-i. Thus 

top(Ker/i_i) 0 Aoevi(a)- 
aec'^/i) 


Thus 

P\Sii))^ 0 P{v\a)). 

aeC'"/!) 


This proves (a) for 1. 

Define the homomorphism fi from P^{S{i)) to P*“^(5'(i)) with 


/i(' 


.(0 


M-l) 

vi(a) ’ 


Clearly /i is an epimorphism from P*(S'(i)) to Ker/;_i, and /i(P*(5(i)))p C (P*”^(S'(i)))p+i 
for p G Z. This proves (IT^ for 1. 

Now we compute generators of Ker/; for I < m — 2. Clearly (Ker/;); = 0 and 
(Ker/;);+„+! = socP*(5(i)), by the inductive assumption. 

Assume that 0 ^ Xp is a homogeneous element in (Ker/;)p, then we can write 

X ;+1 = Convention that 2a.t = 0 provided 

aec('‘>(i) ‘=1 
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that v*(a) ^ Q(n)o- Thus 


0 = 


n+1 


fl{xi+i)= (E ^a.t7vi|a))/Kev‘(a)) 


M) 




n+1 


E (E=.,.7S.|)-»1,w 

aGC<">(i) 

E ( E ^a,t7;E)) ■ ( E Ca-e+vi 


■a—et /v‘(a—et)^v‘(a—Gt) 


( 16 ) 


t=l 


t=l 

hJ-l), 


aGC("hi) 

E ( E ^a,tCa-e>v7a+e77vi(a)7vl(Ee,,)^vHaEe,,)) 

l<t+++l 

Assume first that a' G and a' — et,a' — e*/ G for t ^ t'. Then 

0 < a( = {a' -et')t < h, 0 < a[, = {a' - et)t' < bf, and 0 < at" = {a' -et)t" < bf 
for t" ^ Thus a! S and we have that if a' — — ef G then 

a' — et, a' — e*/ e left multiple (ITHl) with evi(a'), we get, 


^ <n+l,a'—et —e^/ 

( rJ ^ 

(Za'-et,t^a'-et-et, ,t' ~ ^a'-e^, _et,t“t'7,a'-et,-e* j 

(t) (*') (i-1) 

^v* (a7 7v‘ (a' — et) 7v* (a^ — e* — e^/) ^v* (a^ — e* — e^/) ' 


(17) 


(18) 


So we get a system of linear equations 

2a'-et,tSa'-et-et/,t' ■^a'-Gj/.t'Sa'-et/-et,t“*7*,a'-et/-e* ~ ^ 

for 1 < t < t' < n + 1 with a' — — e^/ G c[^l(i). 

For a path p ending at v*(a'), the types of the arrows in p are in 

{l,...,n,n + l}\0(a'). 

Let V = I — n — 1 + |0(a')|, the composition factor S{a') in the degree I + 1 
components of the minimal projective resolution (ITUll is 


0 


Note that 


^v^a') (Ker >■ ^Dagc(^\i) ^v^aq (-^(^* (^)) [^])/+l 

—^ 0aec,+ (i) ^v>(a')(^(vna))[Z - l])i+l -S’ ■ • • (19) 

—^ ®agc(”)(i) ev>(a')(’P(vHa))[l'])i+i —^ 0. 


0 e^i(a')(F(v'(a))[t'])i+i = 0 e^i(aqr* A(n)/r* A(n)e^i(a) 

age),”■>(!) aGc(,'‘>(i) 

is the space spanned by the bound paths of length Z + 1 — t' ending at v"(a'). 
Since bound paths are formed by arrows of different types, and two bound paths 
are linearly independent if and only if the set of the types of their arrows are 
different, a maximal linearly independent set of paths of length t ending at v'(a') 
n + 1 - |0(a')| 


has 


t 

dimfe 


elements, that is 


0 e.qa,)(P(vHa))[t']),+i = 

agCfr’(i) 


n + 1 - |0(a')| 
Z + 1 - t' 
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So it follows from m that 

0 = dim fcevi(a')(Ker//);+! 

ri+l-|0(a')| 

+ (-l)‘dimfc 0 ^gp(„)^^(.)evi(a-)(P(v‘(a))[l-t + l])i+i 

n+l-|0(a')| 

= dimfcevi(a')(Ker/i)i+i + ^ (- 1 )‘ 


n + 1 - | 0 (a')| 
t 


= dim fcevi(a')(Ker /;);+!- 1 + (1 - 1)”+1 |0(a')l. 

Thus dim fcCvi(a') (Ker/;);+! = 1, and this is equivalent to that the solution space 
of (|18l) is one dimensional. Take a nonzero solution 

~ _ A^) p 1, 

for a' S with a' — et" — Bf S for some 1 < t' < t" < n + 1. Then 


each i 7 ^ 0 if 7 ^ 0 , and we take C^'-e t = 0 for those t with a[ = 0 . 


(0 


Sa'—et,i 


a'—et,t 

n+1 

A) _ A^) 


^‘(a') / ^ ^a'—et,i 'v*(a'—et) v‘(a'—et) 


( 20 ) 


is a nonzero element of evi(a') (Ker/;);+!. 

Assume now that a' G a' — e* G and a' — et' ^ for t' ^ t. 

If a' G then aj, = 0 for t' 7 ^ t. The exact sequence (1191) of composition 

factor S{sl) in the degree I +1 component of the projective resolution (fTHI) becomes 

0—^ evi(a/)(Ker/i)i+i —^ evi(aq(P(v'(a'- et))W)i+i —^0 

and dim fcevi(a') (Ker/;);+! = 1. Left multiple (|T6ll with evi(a')j we get a zero term: 

a et,iS,a'—et—et,i^v (a^) /v*(a^—et) ^v*(a'—et—et)*^v^(a^—et—et) 

So we can take Za'-et,t = 1 


u o = 7E - ir - . 

v‘(a') 'v‘(a'—et) v‘(a'—et) 

is a nonzero element of ea'(Ker/;);+!. 

Now we consider the case that a' G \ C'|"|(i) such that a' — e* G 

and a' — et' ^ (i) for t' 7 ^ t. In this case a( = 6 t(i) + 1. We show that 5(v'(a')) 

is not a composition factor in (Ker/;);+i 

Assume that v"(a') G Q(n)o and consider the composition factor S(a') in the 
degree I + 1 component of the projective resolution (fTUl) . Since in this case, each 
bound path from a vertex v*(a) with a G to v'(a') in Q(n) is a multiple of 

a path of same length with the last arrow so (nsi becomes 

0 —^ e^i(aq(Ker/z),+i —^ 0aec(”)(i) ev>(a')7vqa'-et)^ ■ 

^ ®aec(r>(i) ev>(a')7vi}a'-e,)(^(^'('^))[^'])' ^ O' 

Similar to the argument after (|TIIll . we get that evi(a')(Ker//);+! = 0. 

This proves that the set AT; spans the space (Ker/;);+i. 

Since fi is degree zero map, Ker/; is graded. Consider the degree l + s component 
of (fTUl) . for each 2 < s < n + 1, we have for each a' G 

^ fl)l+s ^ (i) ^ 

-> 0 aGCW(i) evi(a')(-P(vHa)) [/"]);+« -^ 0 , 


v(*) 


70 


0 


( 21 ) 
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with I" = l + s — n — 1 + |0(a')|. 

Note that evi(a')(-P(v‘(a))[/— s'])/_|_s is in the space of the bound 

paths of length s + s' to the vertex evi(a') in Q{n)o. Thus paths formed by arrows 
of different types are nonzero and the representatives of those with the same set of 
types form a basis. On the other hand, since there is a" S and a bound 

path of length s from v'(a") to v'(a'), and a”, < bf for all t', thus |T(a')| < s. So 
for any a G each bound path from v'(a) to v"(a') passes the arrows of all 

the types in T(a'). This implies that a set of the linear independent path to v'(a') 
is determined by the arrows of types in \ (O(a') U T(a')). Thus 


dimfc 


n + l-|0(a')|-|r(a')| \ 
s + s'-|T(a')| J 


and 


dimfcevi(a')(Ker/i)i+s 

„+l_|0(a')|-|T(a')|-^ 

E (-1)^ 

s'=0 


„+l_|0(a')|-|T(a')|-^ 

Eq (-1)' 

/ n-|o5)|-|T(a')| \ 
'v s-|r(a')|-l J 


J2 dimfcevi(a')(^(E(a))[0i+s 

/ „ + i_|o(a')|-|T(a')| \ 

V s-|T(a')|+s' J 


Now we consider the submodule generated by Ki. For each subset P of s — 
|T(a')| — 1 elements in \ (O(a') U T{a')), let 


(T(a')) (P) nil) _ (T(a')) (P) ”0E(O (t) 


V ’ J ^a-et ,i7vi(a-et)(a-e*) 

E 

tG7?.+ \(0(a')UT(a')UP) 


r(a'); 'v-i^a; v^a; ' v^a- 

y- AI) AT(A)) (P) (t) m 

E—^ Sa—et,t /'v*(a'—eo(T)) ^v*(a) ^v*(a—e*)''v*(a—et) ’ 


for any a = a' - eT(a')uP e 77-|p|-|T(a')| (i)- 

Let s" = / + s — |P| — |P(a')|. Fix a to & P(aOi and let P(s",to) = {P C 
\ (O(a') U r(a') U {to})||P| = s”}- Assume that 


dp,aK(P,a)=0 

PeP(s".to),aGC'"’(i) 
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for dpa S A:, that is 


0 


x; dp,aK(f’,a) 

Pe7’(a",to) 


^ ^ et,t /v*(a'—eTncg./N) 'v‘(a) 'v*(a—et)*'v‘(a—et) 

p^p(s”,to) ten(E,')\P ^ Ti^)i y J \ tj y t) 

aGC^7/'(i) 


E v^ j /-d) ('r(a')) y^> yy) y‘j 

ZJ dp^a+et Ca, 17vi (a' -eT(a)) "*'vi (a+et) (a) ^vi (a) 




„(‘) .(0 


^ t^p 

PeV{s",to) 

E 

t,t'e7?,(a')\{to} 


E 


(<^PU{t'},a+et ^t',pCa,t “f'^PU{t} ,a+ej/^t,Pc(t, t )Cat') 

'v'(a'-eT(a)) ^v‘(a+et t/) '^v‘(a+et) '^v‘(a) v‘(a) 

, V- y pW (T’(a')) (-P) (to) (0 

+ E '^'P-a+etoCa,to7vi(a'-eT(a))">'v‘(a+et(,)7vi(a)^vi(a)’ 


.(0 


PCP(s" ,to) 


( 22 ) 


for some hf^p, ht^p, c{t, t') G fc. Thus dp^a = 0 for all P G 'P(s", vq) and a G (i) 
with a-et„ G C'f”Li(i). Since > 0, and if evi(a')7vT(a-!i^,^))7vf(i)evi\a) ^ 0^ 

then a = a' — ep(a)up and atg = > 0, thus a-e*;, G C'^^Ei(i) for all a G 

This shows that {k(P, a)|P G V{s",to),aL G C'^”^(i)} is a linearly independent 
set and thus 


dimkiA{n)Ki)i+s' > 


n-|0(a')|-|T(a')| \ 
s-|T(aO|-l )■ 


Since {A{n)Ki)i+s' C (Ker/;);+s', this implies that {A{n)Ki)i+s' = {Ker fi)i+s' for 
s' = 2,..., n + 1. 

This proves that Ker/; is generated by it); for 0 < 1 < m — 2, and so we prove 
(a), (b) and (c), by induction. 

Now we prove (d), and consider the case of Z = m — 1, note that = {b = 

n 

(bi ,..., bn+i)}, with &i = m + n — 1 — E *t) and bt = it-i — 1 for 2 < t < n + 1. 

t=i 

Clearly, we have that socP(v'(b)) = P(v'(b))„+i = (Ker/m_i)„+i C Kerfm-i- 
For each a' 7 ^: b + e such that ;S(v*(a')) is a composition factor of rP(v*(b))s, for 
1 < s < n, evi(a')Aevi(b) ^ 0 and a' G \ C'fo^(i). Thus |T(a')| = s and 

there is a bound path ^ ^ of the arrows of the types in P(a') from v*(b) to 

v*(a'). So paths of the form ^7v^(b-ep) ^ ^(®-0 with |P| = s' form a 

basis of ,(i) ev‘(a')^(v’(a))s+p for 0 < s' < n + 1 - | 0 (a')| - |T(a')|. 

Consider the composition factor S{sl') in the degree m + s component of the 
projective resolution m, we get 


0 


evi(a')(Ker >(a')(^(E(b))[TO - l])m-l+^ 

©aecW^(i) evi(a')(^(v‘(a))[m - 2])m-i+s 
®aec''‘) (0 - s"])m+s 

m — s"^ ' 


0 , 


14 


ON AT-CUBIC PYRAMID ALGEBRAS 


with s" = n + 1 — |0(a')| — |T(a')|. So we have that 

dimfeevi(a')(Ker 

= i] (-l)*dimfc e^i(a/)(P(v^(a))[m - 1 - t])m-i+s 

= E(-i)‘('" ) =(i-i)'*"=o. 

This proves that (Ker/m-i)m-i+s = 0 for 1 < s < n, and thus Kei fm-i = 
socP(v*(b)). □ 

Let Ao be the subspace spanned by the idempotents of A(n), and let Ai be the 
subspace spanned by the arrows. Then /5®(n) C Ai Ai, and it spans a subspace 

i?® C Ai Ai. Let (Ai) = Aq + Ai + Ai (g)^^ Ai H-AfH-be the tensor 

algebra and let (i?®) be the ideal generated by i?®, then A®(n) ~ T^^(Ai)/(i?®) is 
a quadratic algebra. The quadratic dual A-(n) of A(n) is defined as the quotient 
(DAi)/(i?®’-*-), where DAi is the dual space of Ai and i?®A is the annihilator 
of i?® in D{Ai (g)^^ Ai). From a different view point, Theorem 12.31 is restated as 
following theorem: 

Theorem 3.4. Assume that m > 3. 

A®(n) is an almost Koszul algebra of type (n + l,m —1), and its quadratical dual 
A®’'(n) is almost Koszul algebra of type {m — l,n + 1). 

Both A®(n) and A®’'(n) are periodic algebras. 

More precisely, the minimal periodicity of A®(n) is (n + 1)to, and the minimal 
periodicity o/A®’'(n) is {n + l){n + 2). 

Proof. If follows directly from Lemma 13.31 that A^{n) is an almost Koszul algebra 
of type (n + 1, m — 1). So A®’'(n) is almost Koszul algebra of type (m — 1, n + 1), 
by Proposition 3.11 of [7]. 

Note that for each i G Q(n)o, by (d) of Lemma we have that n™5(i) ~ 
^(v*(b(i))) = S(uj(i)). If i = (zi,..., in), then 

n 

b(i) = (m + rz - 1 - y^zt,zi - 1 ,Z 2 - 1,... ,z„ - 1) 

and we have 

n 

a;(i) = v'(b(i)) = (m + n - ^ zt, zi,..., z„_i). 

n 

Thus a;‘(i) = (z„_t+ 2 ,..., z„, m + n - J2p,ii,- ■ and = i. This 

t=i 

proves that = S{i), and rz + 1 is minimal such that this holds for all 

i G Q{n)o. So the minimal periodicity of A®(rz) is (rz + l)m. 

Let N{A^{n),m — 1) be the matrix with 

A^(A®(rz), m — l)ij = dimfcein™A§(rz)ej. 

N{A^{n),m — 1) is the matrix of the permutation of the simples A®(rz)-modules 
defined by 11™, so the order of N{A^{n), m — 1) is rz + 1. 

Now let A^(A®’'(rz), rz + 1) be the matrix with 

A^(A®’'(rz), rz + l)ij = dim/ceiH"''''^A|’'(rz)ej. 
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iV(A®’'(n),n + 1) is the matrix of the permutation of the simples A^{n),m — 1)- 
modules dehned by 0"+^. By Proposition 3.14 of [7], the permutation matrix 
A^(A®’'(n), n +1) have the same order as iV(A®(n), m — 1) since they are transposes. 
This proves that the minimal periodicity of AS’'(n) is {n + l)(n + 2). □ 

4. (n + l)-cuBOiD Truncations 

Assume that A(n) = A®(n) is an n-translation algebra with admissible n-translation 
quiver Q{n). Let g = {g,g') be as dehned in Section 2, let A(n) = A®(n) be a 
twisted trivial extension of A(n). Now consider truncations on A(n) = A®(n) = 
A®(n):j^Z* and we write p(n) for p®(n). It follows from Theorem 12.81 that A(n) is 
an n-translation algebra with stable n-translation quiver Q(n) and n-translation 
r„i = i — Write t = Tn for the n-translation of Q{n). 

Let «S'(i) be the simple A(n)-module at i G Q(n)o and let P(i) and /(i) be its pro¬ 
jective cover and injective envelop as A(n)-modules, respectively. Conventionally, 
set S'(i), P(i) and /(i) to be zero when i ^ Q(n)o. 

For each i = (ii, ... ,in,in+i) G Q(n)oj let i' = (ii ,... ,i„) be its n-truncation 
in Q(n)o = Q{n)o. Dehne its (n -|- l)-cuboid Cl”l(i) = We have char¬ 

acterization of the linear part of the projective of simple A®(n)-modules using the 
(n -I- l)-cuboids similar to Proposition 13.21 Let 

-^ p"(^(i)) A p\sii)) A P°(S{i)) A Sii) 0 (23) 

be a minimal projective resolution of the simple A- modules S'(i) of corresponding 
to the vertex i G Q(n)o. If i G Qq, call a an i-quiver vertex if v*(a) G Q{n)o. 

Consider the linear part of this projective resolution. We have 

Proposition 4.1. For Z = 0,1,..., m — 1 and i G Q{n)o, we have that p\s{i)) is 
generated in degree I and 

P\s{i))^ 0 Plv^a)). (24) 

aec'">(i) 

Further more, C'^l^(i) = {b}, and Kev fm-i — socP(v*(b)) = S'(v*(b -|- e)) is 
simple. 

Recall that a full bound subquiver Q' of Q{n) is called a Tn-slice of Q if it has 
the following property [IB] : 

(a) for each vertex i of Q{n), the intersection of the T„-orbit of v and the vertex 
set of Q' is a single-point set; 

A r„-slice is called a complete Tn-slice, if it also has the following property: 

(b) Q' is path complete in the sense that for any path p : vg —> vi —> ... —> 

Vt of Q{n) with vq and Vt in Q', the whole path p lies in Q'. 

The algebra defined by a complete r-slice of Q(n) is called a T-slice algebra of Q{n) 

(or of A(n)). 

Let Q{n) X {t} be the full bound subquiver of Q{n) with vertex set Q{n)o x {t} 
for any t G Z. It is easy to check that we have the following result. 

Proposition 4.2. Q{n) x {t} are complete T-slices of Q{n) for all t. 
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Let A(n,t) be the algebra defined by the bound quiver Q(n) x {t}. A(n,t) are 
isomorphic to A®(n) for all t. 

Now we define the (n + l)-cuboid completion Q{n + l)(t) of Q{n) x {t} as the 
full subquiver of Q{n) with the vertex set: 

Q(n + l)(t)o = UigQ(„)j,x{t}{v‘(a)|a G C(")(i)}. 

Clearly, Q{n + l)(t) are isomorphic quivers for all t. 

Let Q{n + and Q{n + 1)^*^ be the full subquivers of Q{n + 1)(1) and 

Q{n+ 1) with vertex set Q{n+ l)(l)o*^ = {i = (* 1 j • ■ •, 1> • • ■, 1) € Q{n+ l)(l)o} 

and Q{n + 1)q^ = {i = {h, • ■ •, *i, 1> ■ • ■, 1) € Q{n + l)o}, respectively. 

Lemma 4.3. For 1 < t < n + 1, {Q{t),p{t)) can he identify with 
as full bound subquivers. 


Proof. We prove by using induction on n and t. The assertion clearly holds for 
n = 0 since = Q{1). 

Assume that n > 0 and the lemma holds for n' < n. By inductive assumption 
{Q{t), p{t)) can be identify Q(n)(l)^*\ and (5(n)(l) = (5(n)(l)("\ which is identified 
with Q{n) and with Q(n) x {1} = (5(n +1)(1)("\ a full subquiver of Q{n+1) inside 
Q(n + 1)(1), if t < n. 

We need only to prove the case of t = n + 1. 

For any i = (ii,..., in+i) G Q{n + l)o, we have that (ii,..., G Q(n)o and 
in+i < m + n — 1 — X]"=i P, by definition. It follows easily that + in+i — 1 < 
TO + n - 1 - *i> thus i' = (zi,.. .,i„-i,i'„ = z„ + z„+i - 1,1) G Q(n)o x {!}. 

Let a = (0,..., 0, z„+i — 1), then a G (i'), and we have that 

V* (a) = (zi,... ,z„,z„+i) = i. 

This proves that Q{n + l)o C Q{n + l)(l)o- 

On the other hand, for any i = (zi,..., z„, z„_|_i) G Q{n + 1)(1), there is an 
i' = (z'^,... ,zjj, 1) G Q{n + l)o X {1} such that i = vt(a) for some a G C'^"‘\i'). 
Thus it = i't + at — at+i > 1 for < < rz and z„+i = 1 + a„+i. For 1 < s < zz, we have 

E = Yft=i *'t + ai- Os+I 

n 

< EEi it + m + n-l- J2i't- a^+i 

n 

= TO + ZZ— 1— E *t — Us+l < TO + S — 1, 
t—s-|-l 

and 

n+1 n+1 

i't + ai <m + n. 

t=i t=i 

This proves that i G Q{n + l)o and thus Q{n + l)o = Q{n + l)(l)o- 

Now we prove that (5(zz + 1)(1) is a full bound subquiver of Q{n). Assume that 
G (5(zz + l)(l)o andj(s) G Q(zz)o. Then i = j - (j„+i - l)e„+i G Q{n + 
l)(l)o”^ andi(s) = j(s)-(j„+i-l)e„+i, i(t) = j(t)-(j„+i-l)e„+i, i(s, t) = 
(jn+i“l)®n+i S Q(^ + l)(l)o Thus et + (j„_|_i —l)e„+i,et+es + (jn+i —l)e„+i G 
so + (j„+i - l)e„+i G and j(s) = v'(es + (j„+i - l)e„+i) G 

Q{n + l)(l)o- This proves that (Q(zz + 1)(1),p(n)[(5(zz + 1)(1)]) is a full bound 
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quiver of (Q(n), pin)), since elements of p(n) are either paths of length 2, or linear 
combinations of two paths of length 2 of the arrows of the same types. □ 

Write p{n + 1)(1)^‘^ = p{n)[Qin + 1)(1)(‘)], and pin + l)(t) = p(n)[(5(n + l)(t)]. 
As a corollary of Lemma 14.dl we have 

Corollary 4.4. (Q(n +1)(<), p(n + l)(t)) are full bound subquivers of iQin), pin)). 

Let A(n + l)(t) be the algebra defined by the bound quiver (Q(n + l)(t),/9(n + 
l)(t)) and they will be called (n + l)-cuboid truncations of A®(n). 

We have the following theorem. 

Theorem 4.5. (a) A(n + l)(t) are all isomorphic to Ain + 1)(1) = A(n + 1). 

(b) Let lit) be the ideal of Ain) generated by the set {ei|i G Q(7i)o\(5(n+l)(t)o}, 
then Ain + 1) ~ Q(n)//(t) for all t. 

(c) A(n + 1) is n-translation algebra. 

Proof, (a), (b) follows directly from Lemma [4..41 

Now we prove (c). Identify Qin + 1) with Qin + 1)(1). As a truncation of an 
n-translation quiver, it follows from (a) and (b) that Qin + 1) is an n-translation 
quiver. 

For each i G Qin + l)o = Qin + l)(l)o C Q(n)o, we have a minimal projective 
resolution (l24)) of simple A(n)-module 5(1). Note that A(n-|- 1) ~ A(n)//, where I 
is the ideal generated by {ej|j G Q(n)o \ Q(n -I- l)(l)o}. Since Qin + l)(l)o is finite 
let e = X]ieQ(n-i-i)(i)o ® A(n)//. We have 5'(i) = S'(i) for 

i G (5(n-|- l)(l)o. Tensor (1^ with A(n)//, we get a complexes of A(n-I- l)-modules 

-. Ain)/1 Pyim Ain)/1 P^(:S(i)) 

A(n)// ®A(„) P^iSii)) Ain)/1 ®a(„) ^(i) = .S(i) ^ 0. 

Note that Ain)/I P\sii)) ~ P‘(S'(i))//p‘(S'(i)). For any y = J2pdp<^yp = 
in Ker(l(8)/t), we have that J^pO'pVp ^ Ker/* = /t+i(p‘’'’\s'(i))) and 

hence there is an a; G P*'''^(S'(i)) such that ft+iix) = '^pOpPp. Thus (l(8)/t+i)(e(8) 
x) = y. This proves that (1^ is exact and hence a projective resolution S'(i) as 
A(n -I- l)-modules. 

Note that A(n)// (8 )a(„) P‘(^(i)) ^ P‘(5(i))//P‘(^(i)). Thus if i G Q(n)o \ 
Qin + l)(l)o, then A(n)// ®A(n) A(n)ei = (A(n)//A(n))ei ®A(n) ei = 0 and if 
i G Qin + l)(l)o, then A(n)// (^^(n) tV(n)ei = (A(n)//A(n)ei ~ A(n -|- l)ei. If 
i G Qin + I)(I)o, by ProDOsition l4.ll we have for / = 0,1,..., m — 1, 

AHA®A(„)^'(5(i))^ 0 A(n+l)(l)e^qa) (26) 

aGC)"''(i),v‘a6Q(ra+l)(l)o 

is generated in degree I and Ker (1 0 /^-i) is either simple or zero. 

This proves that A(n -I- 1) is almost Koszul of type (n -b l,rn — 1) and thus is 
n-translation algebra. 

□ 


We call A(n -b 1) a (n -I- l)-cuboid completion of Ain). 
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5. Pyramid n-cuBic Algebras and r-almost Split Sequences 


Now fix m > 3, and a integer n > 1. Let Q{n) and p{n) = p^(ri) be the data for 
a pyramid shaped n-cubic quiver Q{n) = Q^{n) as defined in ([2]), ([3]) and and 
let A(n) be the pyramid n-cubic algebra defined by the bound quiver (Q{n), p{n)). 

For a bound path p from i to j such that any of bound path from i to j of the 
same length as p is linearly dependent, recall that p is left stark of degree t with 
respect to i' if pw is a bound element for any bound element w from i' to i of length 
t < n + \ — l(p)\ and p is right stark of degree t with respect to f if wp is a bound 
element for any bound element w' from j to j' of length t < n + I — l(p). A bound 
path p is shiftable if it is linear dependent to paths of the form p'p” with p" is trivial 
or linearly dependent on paths passing through no injective vertex and p' is trivial 
or linearly dependent on paths passing through no projective vertex. 

Recall that an n-translation quiver Q is called admissible if it satisfies the fol¬ 
lowing conditions: 

(i) For each bound path p, there are paths q' and q" such that q'pq" is a bound 
path of length n -|- 1. 

(ii) Any bound path p from a non-injective vertex f to a non-projective vertex 
j is linearly dependent to shiftable paths. 

(hi) Let f be a non-projective vertex. Let p be a bound path ending at i and 
let g be a bound path starting at ri with l(j>) + I(q) < n. If p passes 
a projective vertex and q passes an injective vertex, then p is either left 
stark with respect to t{q), or q is right stark with respect to s{p), of length 
n + 1- {l{p) + l{q)). 

We have the following lemma describing the bound paths in Q{n) 


Lemma 5.1. Let q = ^ i) t 2 ) '' ’ ® bound path in Q{n). 

If tr ^ 1 and itr-i > 1; then there is a d € k such that 

If jti > 1, then there is a d € k such that 

„ = ... ^(* 3 ) (* 2 ) 




„di) 


Proof Set = i(<i, ..., tu-i) = , • ■ •, j^+i) for u = 1,..., r. Since 

bound path, ti ^ tr are pairwise different. 


g IS a 


lltr^l and it^-i > 1, then for it = 1,..., r — 1, > it^-i > 1; and we have 

that — Gtr-i + is a vertex in Q{n), too. Thus there are nonzero 

di,...,d,_i e k such that and 

thus 

” ,tr--2) 7i(tj)7i 

’’ ,tr-2) 7i(tj^)7i 


h(tr) '1 


J 7 l^tr—ij {'^r — 2) 

— r-l ■ • ■ ,tr-2,tr)"^i{ti,--- ,tr-3,tr) ‘ 

= d'y^*’'~^'^ Y-''*’’'* 

i(il ,ir-2 ,ir) i(il J^r —3 !^r) i(ir) ^ 

Similarly, if ti > 1, then we have > 1 for it = 2,..., n so -I- 

et^-i — G Q(n)o- This implies G Q(n + l)o and there are nonzero 
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4,... ,4 e /c such that and thus 

= d' 'yd’’^ -dr-l) . . (*l) (*2) 

= «-r ■ ■ 47,',7...,,,7,';,;’,..^7,'S,7.“’’ 

,tr)'i(t 2 ,--- ,tr-l) ' 1 (^ 2 ) 


(ts) 


□ 


Theorem 5.2. Pyramid n-cubic algebra A(n) is an extendible (n — 1)-translation 
algebra with admissible {n — 1)-translation quiver Q{n). 

Proof. We prove theorem by using induction on n. We have 

(3(1) = Q :o— yo —)-o • ■ • o—)-o', (27) 

with the relation p(l) = {ai+iai\i = 1,..., m —2}. Clearly, (3(1) = (<3(1), p(l)) is a 
admissible 0-translation quiver with 0-translation tq : i -|- 1 —>■ i for i = l,...,m — 1. 
A(l) is a Koszul algebra with radical squared zero. So it is a 0-translation algebra, 
and it is extendable by Theorem 2.1 of [?]■ 

Assume that A(n) is an extendible (n — l)-translation algebra and its bound 
quiver Q{n) is an admissible (n — l)-translation quiver. 

It follows from Theorem 14.51 that A(n -|- 1) is an n-translation algebra with n- 
translation Q(n P 1) and n-translation r„ : i —>• i — e„+i. By Theorem l3.4l A(n -|- 1) 
is extendible. We need only to prove that Q{nPl) is admissible. 

Let V and I be the sets of projective vertices and injective vertices of Q{n + 1), 
respectively. Then 

V ^ {i€ Q{n + l)oNn-i-i = 1} X = {i G Q{n + l)o| |i| = rn -I- n}. 

Let p = ,,, 1 ) ''' ^ bound path in A(n -b 1). If th = 1, then 

i,i{ti),...,i{ti,...,th-i) 
are not injective, li th = n + 1, then 

l(tl, . . . , t/i), l(tl . . . , thj th-\-lf . ■ . , 1(^1, ■ • ■ , ^s) 

are not projective. 

Assume that p is a bound path from i to j in Q{n+1). Then j G {v"(a)|a G 17"'+^} 
and i G (a)|a G If j is non-projective, then there is a path p' from 

T„j to i such that pp' is a bound path of length n -b 1, take p" = ej be the trivial 
path. If i is non-injective then there is a path p" from j to such that p"p is a 
bound path of length n -b 1, take p' = Ci be the trivial path. If i is injective and 

n +1 

j is projective, then we have that it = m + n and jn+i = 1. So = 1 and 

t=i 

|j| = m -b n, and all the vertices on the path p are projective and injective, which is 
on the subquiver (3(n) x {1} of (3(n -b 1). By the inductive assumption, there are 
paths q' and p" in Q{n) x {1}, such q'pp" is a bound path from i' = (i^,..., 4-i-i) 
to ■ ■ ■ )3n+i) of length n. But zj > 1 for t = 1,..., n -b 1 and > 1, q'pq" 
is formed by arrows of different type, thus j'„ > 1 and j^(n -b 1) are vertices in 
Q{n -b 1). So —5" ]'{n -b 1) is an arrow of Q{n + 1). Let p' = 
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then p'pp" is a bound path of length n + 1 in Q{n + 1). This proves the Condition 
(i) of the admissibility. 

Let p = ^ i) ■ ■ ■ be a bound path from non-injective vertex i to non- 

projective vertex j. Then we have that jn+i > 1 and |i| < m + n. We prove that p 
is shiftable by using induction on s. 

If s = 1, then either ti = 1, then in+i = jn+i, both i and j are non-projective 
and we take p' = p, p” = Ci, so p = p'p" is shiftable, or ^ 1 and |j| = |i| < m + n, 
thus both i and j are non-injective and we take p' = ej, p" = p, so p = p'p" is 
shiftable p. 

Assume that / > 1 is an integer and any bound path of length I from a non- 
injective vertex to a non projective vertex is shiftable for s = 1. 

Now let s = I + 1. Assume that p passes through both projective and injective 
vertex. Since for any arrow a : i' —>■ j', j' is injective if i' is so, and i' is projective if 
j' is so, thus i is projective and j is injective and we have in+i = 1 and |j| = m + n. 
This implies that there is one arrow of type 1 one arrow of type n -I- 1 in p in the 
path, and we have jn+i = 2 and |i| = to -I- n — 1. 

If ^ I, p does not start with an arrow of type 1, then i(ti) is not injective, 
then p' = ^ i) ''' bound path from a non-injective vertex i(ti) to 

a non-projective vertex j and thus it is shiftable by inductive assumption. So p is 
also shiftable by definition. 

1ftI ^ n + 1, that is, p does not end with an arrow of type n -I- 1, then (t/)j is not 
projective, then p' = i)''' bound path from a non-injective ver¬ 

tex i to a non-projective vertex (<;)j and thus it is shiftable by inductive assumption. 
So p is also shiftable by definition. 

Now assume that = 1, ti+i = n + 1. 

If it^-i = 1 for I < r < ^ -I- 1 and = I for 1 < r < Z. Then for r = I,..., Z -|- I, 
i(ti, ... ,tr) S Q{n + I) if and only if = u for u = 1,...,r and similarly, for 
r = 1,..., Z, (tr ,..., Zi-i-i)j S Q{n -|- 1) if and only if ti+i-y = n + 1 — v for v = 
1,... ,l + 1 — r. This implies Z = n and jn+i = in+i -I- 1 = to, since j is injective 
and |j| = TO-|- n. So in+i = to — 1 > 2, this contradicts the fact that i is projective. 

So there is 1 < r < Z -|- 1 such that > 1, or there is 1 < r < Z, such that 
jt^ > 1. In the first case we have that 




, (G+l) (G-l) . . (tl) (tr) 

,tr) ,tr—2,tr) 'i(tr) O 


by lemma 15.11 and p is a multiple of a path which does not start with an arrow of 
type 1. Similarly, in the second we have that 

J, ^ 

" 'Htlr--,tr—l,tr+l,---,t[ + l) ,tr-l,tr+l,...,tl) i , ■ - - ,tr-2 ) d(tr)* 


Thus p is linearly dependent to shiftable paths by above argument and (ii) of the 
admissible condition hold. 

Since for any pair of vertex i,j of Q(n + 1), all the bound paths from i to j 
are linearly dependent, if there is one, it is easy to see that (iii) of the admissible 
condition holds. 

This proves that a pyramid n-cubic algebra is (n — l)-translation algebra with 
admissible (n — l)-translation quiver, by induction. □ 


Let r(n -I- 1) = A{n + 1)'°^ be the Koszul dual of A(n -I- 1). They have the same 
quiver with quadratic dual relations. The Koszul complexes gives a correspondence 
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between the radical layers of the projective cover of a simple and terms in the 
projective resolution of the corresponding simple of these two algebras [7]. The 
the radical layers of the projective cover and the terms of projective resolution of 
a simple A(n)-module are described by the n-cubic cells and n-hammocks 
(see Lemma I^Tfl and (HH)). 

Now we consider the n-almost split sequence in the category of the finite gen¬ 
erated projective modules. We first study the n-cubic cells and n-hammocks, we 
have the following lemma. 

Lemma 5.3. Let Q{n) be a pyramid shaped n-cubic quiver and let i be a vertex of 
Q{n). 

If is complete, then is not complete. 

If Hf, is complete, then (*^(b) ig complete. 

Proof. For i = {ii, ..., G G{n)o, then v'(e) = {ii, ..., -|- 1). Thus b(v'(e)) = 

(to -I- n - 1 - YJi=i it,i 2 - !,■■■, in-i - 1, in) and 

n 

v''‘(e)(b(v*(e))) = (ii-|-TO-|-n-l-^it-i2-l-l,2z2-Z3,... 

t=i 

and we have 

jv'' (b(v'(e)))| = TO-|-n — l-|-l = TO-|-n. 

This implies that v'' *^®)(b(v'(e))) ^ Q{n)o and is not complete. 

The other statement is proven similarly. □ 

The following Lemma follows directly. 

Lemma 5.4. The following are equivalent for A(n -I- 1). 

(i) A(n -I- l)ei is projective injective. 

(ii) The Loewy length of A{n l)ei is n-\-2. 

(hi) is complete. 

It follows from Theorem 6.2 of [15], that A(n)' ^ and A{n)'°^ are self-injective 
of Loewy length to, so they are (to — 2) -translation algebras. Via the Koszul 
complexes, (n -I- l)-hammocks can be used to describe the radical layers of the 
projective covers and (n -I- l)-cubic cells can be used to describe the projective 
resolutions of the simple A(n -|- 1)' -modules. As a truncation of A(n -I- 1)' we 
also have the following version of Lemma for r(n -|- 1). 

Lemma 5.5. The following are equivalent for r(n -I-1). 

(i) r(n -I- l)ei is projective injective. 

(ii) The Loewy length ofT{n l)ei is to. 

(hi) Hq is complete. 

Then we have the following result: 

Theorem 5.6. r(n -I- 1) is an (to — 2)-translation algebra. 
addr(n -I- 1) has n-almost split sequence. 
add A(n -|- 1) has (jn — 3)-almost split sequence. 

Proof. Similar to the case for A(n -I- 1), it is easy to see that 

r(n+l)~r(n)//'. 
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where I' is the ideal of r(n) generated by the set {ej|j S Q(n)o \ Q{n + l)o} of 
idempotents. Thus r(n + 1) is an (n + l)-translation algebra. 

Note that the n-translation of A(n + 1) is defined by = i + e and the m — 2- 
translation of r(n + 1) is defined by = v'(b(i)). The last two assertion 

follows from Theorem 7.2 of and our Lemma 15.41 □ 

We have the following version of lyama’s cone construction of absolutely (n +1)- 
complete algebras from an absolutely n-complete algebra. 

(n)' 

Theorem 5.7. Let A®(n) = Tm (k) be the pyramid n-cubic algebra defined in 
Provosition \2.Sl then there is an {n + l)-cuboid completion A®(n + 1) o/A®(n) such 
that cs (n + 1). 
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